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MECHANICAL STRESSES IN A LONG CYLINDRICAL CURRENT-CARRYING 
SOLENOID 

I. I. Ivanchik and D. G. Sannikov 

Zhurna l  P r ik l adno i  Mekhaniki i Teldlnicheskoi  Fiz iki ,  Vol. 7, No. 5, pp. 77-84 ,  1966 

Expressions for mechanical stresses and strains in a mukilayer cylin- 
drical solenoid carrying direct current are derived and analyzed. The 
results are valid for both an ordinary and a superconductive solenoid 
whose length is large compared with its transverse dimensions. 

w The mechan ica l  s t r e s s e s  which a r i s e  in a c u r -  
r en t  c a r r y i n g  solenoid can r e su l t  in its des t ruc t ion .  
Hence, in des ign ing  solenoids  capable  of wi ths tanding 
h igh - in t ens i t y  magnet ic  f ields it is n e c e s s a r y  to know 
the d i s t r ibu t ion  and magni tude  of the m a x i m u m  s t r e s -  
ses  in the coil. This  can be done by solving the sys t em 
of equ i l i b r ium equations 

OG~/Ox~ + ]~ = 0 (1.1) 

under  the appropr ia te  boundary  condi t ions .  Here  a ik  is 
the mechan ica l  s t r e s s  t enso r  a n d f i  is the vo lume den-  
si ty of the ponderomot ive  fo rces  act ing on the m a t e r i a l  
in the magnet ic  f ield.  

The authors  of works deal ing with this p rob lem (e. g . ,  
see [1]) s impl i fy  it e i the r  by neglec t ing  ce r t a in  c o m -  
ponents  of the s t r e s s  t enso r  or  by neglec t ing  the con-  
di t ions of cont inui ty of the d i sp l acemen t  vec to r  (the so -  
cal led St. Venant cont inui ty  conditions) which mus t  be 
added to sys t em (1.1) in o rde r  for  i ts  so lut ions  to have 
phys ica l  meaning.  

Cor rec t  so lut ion of s y s t e m  (1.1) in the genera l  case  
p r e s e n t s  s e r ious  ma thema t i ca l  dif f icul t ies .  In the p r e -  
sen t  pape r  we shall  obtain a solut ion for a m u l t i l a y e r  
cy l indr ica l  solenoid whose length is l a rge  compared  
with i ts  t r a n s v e r s e  d imens ions .  

We a s s u m e  that the solenoid  can be r ega rded  as a 
cont inuous medium.  In the case  of a wire  solenoid this 
is p e r m i s s i b l e  provided there  a r e  no shea r  s t r a i n s  
and that only c o m p r e s s i v e  s t r e s s e s  act in d i r ec t ions  
pe rpend i cu l a r  to the coil windings.  This  a s sumpt ion  is 
a lso val id if we a s s u m e  that the solenoid windings a re  
glued together.  The med ium can be cons idered  homo-  
geneous if the conductor  is thin (as compared  with all 
the other d imens ions  of the solenoid) and if the coil is 
suff ic ient ly  tight (dense).  In the r ange  of sma l l  s t r a i n s  
(the range  in which Hooke 's  law holds) the e las t ic  m o d -  
uli  of the wire  in the t r a n s v e r s e  and longi tudinal  d i r e c -  
t ions a re  equal.  This  enab les  us to cons ide r  the med ium 
isot ropie ,  l~inally, s ince  the th ickness  of the wire  is 
smal l  as compared  with the l i n e a r  d imens ions  of the 
solenoid, * it is also sma l l  as compared  with the d i s -  
t ances  at which the magnet ic  f ield and ponderomot ive  

m 

*The contribution of the neighboring windings to the 
magnetic field is negligibly small as compared with the 
contribution of the other windings whose magnetic field 
is approximately homogeneous. 

force  change marked ly .  Hence, the c u r r e n t  d i s t r i b u -  
t ion over  the c r o s s  sec t ion  of the eonductor  is neg l ig i -  
ble.  One of the impl ica t ions  of this is that our r e -  
su i t s  a re  also appl icable  to superconduc t ive  solenoids.  

w Let us d e t e r m i n e  the components  of the pondero-  
mot ive  force  fi" We d i s r e g a r d  the magnet ic  p rop -  
e r t i e s  of the medium,  i . e . ,  we set  the magne t i c  p e r -  
meab i l i t y  p equal to uni ty everywhere .  The volume 
dens i ty  of the fo rces  ac t ing  on the m e d i u m  in the m a g -  
net ic  f ield is then given by the f o r mu l a  [2] 

t ~ j x l l  dV,  j = J n  2 (2 1~ f = ~ j •  H- - - - -T j  R8 

Here  j is the c u r r e n t  densi ty,  H is the magne t i c  
f ield in tensi ty ,  R is the rad ius  vec to r  d i rec ted  f rom 
dV to the point  of observa t ion ,  and n is the n u m b e r  of 
windings pe r  unit  length. F o r  s impl i c i ty  we a s s u m e  
that the c u r r e n t  J is equal in all  the windings.  

In the cy l indr i ca l  coordina te  s y s t e m  (r, q), z) we 
obtain the fol lowing expres s ions  for  the components  of 
the force  f : 

l - - z  

i~ f fr (r,  z)  = - ~ r  
- - l - - z  

B 2r~ 

r' I 
b 0 

l--z B 2.': 
j2 ~ ~ ~ cos ,~ 

f ~ ( r , z )  = - ~ -  ~ d ~  r ' d r '  i dq~ 
-5 

- - I - - Z  b 0 

~=Z'-z, q, = q~' - %  

p~" = r '~ + r ~ - -  2 r ' r  cos~.  (2.2) 

Here 2l is the length of the solenoid,  B is its out-  
s ide radius ,  and b is i ts  ins ide  radius .  By v i r tue  of 
the cy l indr i ca l  s y m m e t r y  of the p rob lem the eompo-  
nents  f r  and f z  do not depend on the coordinate  ~, and 

f~0 = 0. 
Ana lys i s  of e xp r e s s i ons  (2.2) shows that the force  

e o m p o n e n t f  z which e o m p r e s s e s  the solenoid along the 
z -ax is ,  is equal to zero  in the middle  c r o s s  sec t ion  of 
the solenoid;  it then i n c r e a s e s  monoton ica l ly  with i n -  
c r e a s i n g  z, s lowly at f i r s t ,  and then ve ry  rapidly  to-  
wards  the ends of the solenoid,  r each ing  its m a x i m u m  

at the end faces  (z = :~/). The fo rce  e o m p o n e n t f r ,  
d i r ec ted  eve rywhere  a long the rad ius ,  is m a x i m u m  in 
the middle  c ross  sec t ion  of the solenoid,  then dec r ea se s  
with i n c r e a s i n g  z, s lowly at f i r s t ,  and rap id ly  as it 
approaches  the ends.  S i n e e f  z ~ H r a n d f r  ~ Hz, it 
follows that for  j = cons t  the co r r e spond ing  components  
of the magne t i c  f ield in a cy l indr ica l  solenoid depend 
on z in exact ly the s ame  way. 

F o r  a long solenoid (B << Z) we can expand the in te -  
g rands  in e xp r e s s i ons  (2.2) in a s e r i e s  in the p a r a m -  
e t e r s  p / ( l  4. z), a s s u m e  that O << / 4- z, and c a r r y  out the 
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appropr ia te  in tegra t ions .  This  yields 

B an  

$ 
l - - z  l + z  ] 

X V-(l__,),+p ~ + V(l-[-~)~+~ ~ 

? 
~- 4n ~ (B - -  r) - -  -ff--~ ~ gB a - -  b a~ , x 

x [ ( / - - z )  -~ + (l-~ z) -~1 + . . .  (2.3) 

B :~; 

o 

.% , 2  
~ - - - g -  - ~  (B a - -  b a) r i ( / - -  z) - a -  ( l  -p z)-a] + ) . . . .  ( 2 . 4 )  

These  exp re s s ions  a re  d e a r l y  val id f a r  away f rom 
the ends, i . e . ,  for I z I << l - B. In the zeroth  approx-  
imation,  i . e . ,  in the l imi t ing  case  of an inf ini te ly  long 
solenoid, we have 

i r  = 4 n ~ - ( B - - r ) ,  I=-- 0 .  (2.5) 

t3. Now let  us fo rmula te  the p rob lem of e las t ic  
equ i l ib r ium of the solenoid under  ponderomot ive  forces .  
Making use of Hooke's  law for an i so t ropic  body [3], 

(3.1)  

(E is Young's modulus,  a is the Po i s son  coefficient) 
and the express ion  relat ing* the s t r a in  t enso r  Uik to 
the d i sp lacement  vec tor  u i, 

! la'.i ~au1~'~ ( 3 . 2 )  
'~< : Y \~,:-;.~,:- ' ox~ 1, 

we can rewrite equilibrium Eq. (I.i) as [3] 

l 2(l--z) f. (3.3) Au + y - - ~  grad div u s 

Since the p rob lem is cy l ind r i ca l ly  symmet r i c ,  u 
does not depend on the coordinate  go, and u40 - 0. 
Hence, it is convenient  to wri te  Eq. (3 3) in cy l indr ica!  
coordinates ,  

[~§ o 
c r Or 

3 

t 0~ z ' ~ ) ( t - - 2 z )  ,t - r  /r 
- b 2 ( l _ _ ~ ) 0 r 0 z  ~ z - -  ( t - - G ) s  ' 

I- x- ( i  - 2~) i ~ l ' t - - ~  u _L 
r i Or .i z J 

'1 0 1 0 

(3.4) 

*The St. Venan t  cont inui ty  condit ion is fulf i l led a u t o -  
ma t i ca l ly  in this case.  

The following boundary  condit ions m u s t  be fulfi l led 
at the ends and side sur faces  of the solenoid:  

At the f ree  ends of the solenoid 

~ , . Z = ~ z : ~ = 0  for  z : +  z. (3.5) 

At the f r ee  side sur faces  of the solenoid 

v . : ~ , . ~ = ~ = 0  for  r : b  o r  r : B .  (3.6) 

At fixed s ide su r faces  of the solenoid 

u ~ = 0  for r = b  or r = B  �9 (3.7) 

w In o r de r  to find a solut ion val id  fa r  f rom the 
ends of a long solenoid we make  use  of the St. Venant 
p r i nc i p l e  (which should not be  confused with the St. 
Venant  cont inui ty condition) accord ing  to which the 
d i s t r ibu t ion  of s t r a i n s  and s t r e s s e s  fa r  f rom the points 
of appl ica t ion of forces  does not depend on the force  
d is t r ibut ion ,  but only on the totaI force  and on the 
total  momen t  of forces  [4]. We therefore  proceed as 
follows. We isola te  the l a r ge s t  por t ion  of the solenoid 
at which expres s ions  for  the volume fo rces  Eqs. (2.3) 
and (2.4) a r e  valid. We subs t i tu te  these express ions  
into the r ight  s ides  of Eqs.  (3.4) and rep lace  the forces  
act ing outside this i so la ted  por t ion  by the sum forces  
applied to its boundar ies .  The solut ion of the p rob lem 
thus fo rmula ted  is, by the St. Venant pr inc ip le ,  c lose  
to the solut ion of the in i t ia l  p rob lem far  away f rom 
the boundar i e s  of the domain,  i. e . ,  in the middle  c ross  
sec t ion  of the solenoid.  

Let  us de t e r mi ne  the sum force act ing along the 
z - ax i s  over  the por t ion  of the solenoid extending f rom 
the c r o s s  sect ion z to l To do this we in tegra te  the 
exp res s ion  f o r f z  in Eq. (2.2) over  z f rom z to I. This  
can be done, as in in tegra t ing  Eqs. (2.3) and (2.4), by 
expanding the in tegrand  in a s e r i e s  in the p a r a m e t e r s  
P/ (I e,: z), 

l B 

Fz(r,  z) = t f z d z : - - ~  f r' dr 'x  
z b 

x i dq:cosr / z arcsh / 7 § 
o 

q- arc sh / § __ arc sh @) 

`% , '  

§ -g - -7  (BS - -  ba) r [(l - -  z) -~ + 

+ ( l  + z)  -~ - -  (2/ ) -"q + . . . .  (4.1) 

Integrating F z over the cross section of the sole- 

noid, we obtain the sum force ~z, 

B 2n 

b o 

~ ? (B - -  b) ~ (B ~ + 2Bb + 3b ~) + (4.2) 
3 c '2 
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~* i~ b~)~ [(/__ z)_ ~ 
+ T~(B ~- + 

(4.2) 
+ (l + z) - ~ -  (2/) -~] + . . .  ( c o n t ' d )  

T h e  s u m  f o r c e  due  t o f  r i s  equa l  to z e r o .  
B o u n d a r y  c o n d i t i o n  (3.5) f o r  C~zz m u s t  be  r e p l a c e d  

by the  c o n d i t i o n  

B 2~ 

i r d r  f d T a z z [ : = z * = r  (4.3) 
b 0 

w h e r e  z -- z* is  the  c r o s s  s e c t i o n  bound ing  the i s o l a t e d  
p o r t i o n  of the s o l e n o i d .  The  i n e q u a l i t i e s  B << z* << l - 
- B m u s t  be  f u l f i l l e d  h e r e - - s o m e t h i n g  which  i s  i m p o s -  
s i b l e  in the  c a s e  of a l o n g  s o l e n o i d  (B << l). T h e  f i r s t  
i n e q u a l i t y  is  n e c e s s a r y  to the  e x i s t e n c e  of a d o m a i n  in 
wh ich  the  St. Venan t  p r i n c i p l e  ho lds ;  the s e c o n d  in -  
e q u a l i t y  is n e c e s s a r y  to the  v a l i d i t y  of  e x p r e s s i o n s  
(2.3), (2.4), and (4.2). 

w L e t  us  f ind the  so lu t i on  in the  z e r o t h  a p p r o x i -  
m a t i o n ,  i. e . ,  the  s o l u t i o n  v a l i d  f o r  an i n f in i t e ly  long  
so leno id .  We s u b s t i t u t e  e x p r e s s i o n s  (2.5) into the  
r i g h t  s i d e s  of Eqs .  (3.4) and the  f i r s t  t e r m  of s e r i e s  
(4.2) into b o u n d a r y  cond i t i on  (4.3). T h e  s o l u t i o n  which  

is  s u f f i c i e n t l y  g e n e r a l  to s a t i s f y  a l l  the  b o u n d a r y  c o n -  

d i t i o n s  (4.3), (3.5), (3.6), o r  (3.7) then t u r n s  out  to b e  

g l'a B a 
u~ = V ~ 0 ~ ~(t + a) (t - -  2,) (3t ~ - -  St 2) + 

+ to  - o) t + 0 + ,:) 
0~, l"Z B~z 

u s =  6 c "~ (1--~)2 ( - 2 ~ a + T ) "  (5.1) 

H e r e  and b e l o w  we m a k e  u s e  of the  d i m e n s i o n l e s s  

q u a n t i t i e s  

t = r / B ,  x = b / B .  (5.2) 

T h e  f i r s t  two t e r m s  of u r  in Eq.  (5.1) r e p r e s e n t  a 
p a r t i c u l a r  so lu t ion  of the  i n h o m o g e n e o u s  equa t ion .  The  

c o n s t a n t s  a ,  /~, y to be  d e t e r m i n e d  f r o m  the  b o u n d a r y  
c o n d i t i o n s  a r e  c h o s e n  in s u c h  a way that  the c o m p o -  
nen t s  e ik  which  a r e  of the  g r e a t e s t  i n t e r e s t  can  be  e x -  

p r e s s e d  in s i m p l e  f o r m .  
F o r  the c o m p o n e n t s  of the  s t r a i n  t e n s o r  Uik, s o l u -  

t ion (5.1) y i e l d s  the f o l l o w i n g  e x p r e s s i o n s  in c y l i n d r i c a l  

c o o r d i n a t e s :  

u , , , -  ~ c"- (t~---~)l,;} ( + z ) ( t ~ 2 z ) ( 9 t ~ - - 1 6 t ) + '  

,~ /'~ B e [ ' 
u , ~ =  6 c~ ( t - - z ) E  ( t - 7 ~ ) ( t - - 2 a ) ( 3 t " - - - S t ) ~  

x2 } 
4. (1 - - , : ) ~ - -  :v -F (t 4. ~) ~ t-Tj, 

n fi B~ 
u~ �9 o c~ O--z) 2 ( -  2zz~ 4" 7) '  

u~  = u~z = u~  = 0. (5.3) 

Mak ing  u s e  of f o r m u l a s  (3.1) and (5.3), we can  f ind 
the  c o m p o n e n t s  of  the  s t r e s s  t e n s o r  

1"2 B ~ 

X { ( 9 - - 6 ~ ) t ' - - ( J 6 - - 8 ~ ) t  + a - -  ~ }  , 

1"~ B~ 
~ : ~ - -  U c ~ ( i - - a )  • 

gg2 
X 

n 1.2 I~2 {12at ~ - -  24Gt + T} 
azz ~ (i c"- (1--r 

~,.~ = ~ =: a,~ = 0 �9 (5.4) 

F r o m  b o u n d a r y  c o n d i t i o n  (4.3) we ob ta in  

T = (1 4- x) -1 [ ( - -24- t2a ) •  

x ( t  4. x + x 2) + (6--t2a)x~].  (5.5) 

B o u n d a r y  c o n d i t i o n s  (3.6) and (3.7) y i e ld  the f o l l o w -  
ing  v a l u e s  fo r  the  c o e f f i c i e n t s  a and ~. 

In the  c a s e  of a f r e e  o u t s i d e  and a f r e e  i n s i d e  s u r -  

f a c e  of the  so l eno id ,  

a = 7 - -2a  +13x 2, 

= (1 4" x) -1 [(7--2a) -- (9--6a)x] .  (5,6) 

In the  c a s e  of a f r e e  o u t s i d e  and a f ixed  i n s ide  s u r -  

f ace ,  

a = 7 - - 2 a 4 - ~ x  2, 

13 = (t + x) -~ [(~ -~- o) § 

+ (1 - -  a)x2] -1 [(--7-F7a 4" t002) -T 

4- (t - - c  - -  6 a~)x 4- (t - -  a) x 

x (5 - -2 ,~ )x  ~ - -  (1 - -  a) (3  - - 6 a ) z ~ ] .  (5 .7 )  

In the  c a s e  of a f i xed  o u t s i d e  and a f r e e  i n s ide  s u r -  

face ,  

a = ( t6 - -Sa)x  - -  (9--6a)x 2 + ~,  

= (I + z) -1 [(1 - ~ )  + 

+ (I 4- a)x2] -~ [(t - a) ( 5 - 2 o )  - 

- -  (1 - -  a) ( t l - - 6 a ) x  - -  

- - (7 - -70  - -  lOoZ)x z 4" (9--9a - -  602)x~]. (5.8) 

In the  c a s e  of  a f i x e d  o u t s i d e  and a f ixed  i n s i d e  

s u r f a c e ,  

a = (l + x) -1 [ (5--2c)  (1 + x 4, x ~) - -  (3--@)x31,  

- -  ( i  + z) -~ 0 - 2 o )  ( - 5  + 3z ) .  (5 .9)  

w To d e t e r m i n e  the  s o l u t i o n  in the  n e x t  ( f i r s t )  

a p p r o x i m a t i o n  and t h e r e b y  d e t e r m i n e  the d e g r e e  of 

a c c u r a c y  of  s o l u t i o n s  ( 5 . ] ) - ( 5 . 9 )  above ,  we s u b s t i t u t e  
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e x p r e s s i o n s  ( 2 . 3 ) ,  ( 2 .4 )  i n t o  E q s .  ( 3 .4 )  a n d  e x p r e s s i o n  

(4 .2 )  i n t o  b o u n d a r y  c o n d i t i o n  ( 4 . 3 ) .  T h i s  y i e l d s  t h e  

f o l l o w i n g  t e r m s  w h i c h  m u s t  b e  a d d e d  to  t h e  z e r o t h  

a p p r o x i m a t i o n  (5 .1 )  f o r  u i :  

/ ~ (1 }- z) (l - -  2z) t2 

I B a , B 2 ] 
x i (U-Z-G:)~ - ~  ( / - ~  j for u~, (6 .1 )  

f~ ( a + ~ ) B  a ( t - x  a) t s x  

i B" "~ ] x (l--z), (/+zp for u~. (6.2) 

Appropriate terms must also be added to solutions 

(5.3), (5.4) But boundary conditions (3.6), (3.7) at 

the side surfaces of the solenoid can now be satisfied 

only for z = 0. In other words, the above solution 

(6.1), (6.2) is valid only in the middle cross section 

of the solenoid. However, the domain surrounding z = 

= 0 i s  m o s t  s i g n i f i c a n t ,  s i n c e  i t  i s  h e r e  t h a t  t h e  s t r e s -  

s e s  h a v e  t h e i r  e x t r e m a l  v a l u e s .  W i t h o u t  d e t e r m i n i n g  

t h e  c o e f f i c i e n t s  c~, /3, 7 ,  w e  m e r e l y  n o t e  t h a t  t h e  c o r -  

r e c t i o n s  f o r  t h e  z e r o t h  s o l u t i o n  a r e  o f  t h e  o r d e r  B2/1 ~ 
a n d  r e d u c e  t h e  a b s o l u t e  v a l u e s  o f  t h e  s t r e s s e s .  T h u s ,  

s o l u t i o n s  ( 5 . 1 ) - ( 5 . 9 )  r e p r e s e n t  t h e  u p p e r  l i m i t  f o r  

s o l e n o i d s  o f  f i n i t e  l e n g t h .  

w The above results aho  apply to superconductive solenoids, In 
fact, the materials  of which such solenoids are made are supercon- 
ductors of the second kind. These are characterized by having two 
critical fields Hc, and Hcz. Fields H < Hc, do not penetrate into the 
superconductor; fields H > H% destroy superconductivity. The mag-  
netic permeabil i ty IX of the superconductor therefore depends on the 
intensity of t i e  magnet ic  field: /1 = 0 for H < Hca ;as the field increases 
beyond Hc~, the magnet ic  permeabi l i ty  increases sharply and quickly 
approaches unity, remaining at tx ~ 1 all the way to H = Hcz [5].  

In a long solenoid the field H z varies approximately linearly over 
the radius (see (2.8)), vanishing at the outside radius. Hence, p is 
different .from unity in some domain close to the outer boundary of 
the solenoid. Formulas (2.1) are not valid here, and the above analysis 
is, strictly speaking, invalid. However, it is usually the case that 
Hc~ << Hcz. The above domain is therefore narrow, its linear dimen-  
sions along the radius being A ~ BHcJHc  z << B. Moreover, the body 
force Eq. (2.3) in thB domain is also small,  ~r ~ 4=AjZ/c z. Hence, 
allowance for the fact that IX vanishes and that  there is a ~ gradient 
in the domain in question has no significant effect on the final results, 
and the stress distribution in a long superconductive solenoid can be 
determined from formulas (5.1)-(5.9).  

w In investigating the above solutions we are interested primarily 
in the extremal  values of the stress tensor components and in their 
localization. Comparison of the values of Oik in various solenoids is 
best carried out for the same value of the magnet ic  field intensity H~ 
at the solenoid axis. From formulas (2.1) and (2.5) we find that 

i 
H0 = 4~ -7- B (t - -  z).  (8.1) 

The coefficient in front of the braces in expressions (5.4) for Oik 
can now be expressed as H0a[96~r(1 - o) (1 - x) ~] -1. The value of the 
Poisson coefficient o is determined by the mater ia l  of which the sole- 
noid is made. For most materials  o is close to 1/3. We shall therefore 
make frequent use of the value o = 1/3. For these H 0 and o, expres- 
sions (5.4) depend on the parameter  x (see (8.2)) and on the choice of 
boundary conditions. 

Analysis of expressigns (5.4)-(5.8) shows that the condition of a 
fixed outside surface of a solenoid (cases (5.8) and (5.9)) is more ad- 

vantageous (advantageous conditions are those for which the max imum 
stresses are minimal)  than the condition of a free outside surface (cases 
(5.6) and (5.7)). Hence, the component  oco~o has its largest positive 
values (tensile stresses are positive, compressive stresSes are negative) 
for all t and x in case (5.6), while the component Orr has its largest 
positive values for all  t and x in case (5.7). These components (hence-  
forth al lvalues of Oik will be given in units of Ha/96~r) assume their 
max imu m values at the inside surface of the solenoid for t = x, 

o ~ =  2(i--0) -I(I-z'2) -Ix 

> [(7--2(~) + (2--4(~)x -1- (3--6(~)x~], (8.2) 

Orr = 2 [(t -~ o) -t- (t - -  o)x~] -I  [7§ -t~ 2z + 3xU]. (8.3) 

The values of these maxima  are min imal  for x = 0 and are equal 

to o9~o = (14 - 4o) / (1  - o) or 19 (for o = 1/3) and to orr = (14+ 12o)/ 
/ ( 1 +  o) or 18.5 (for o =  1/3) .  With increasing x the values of Eqs. 
(8.2) and (8.3) increase, and in the limiting case ZX << 1 for x = 1 - A 
we have or = 12/A, Orr = 12+ 6o or 14 (o=  1/3). 

Let us analyze the more advantageous cases (5.8) and (5.9) in 
more  d e t a i l  The component  o~o~o in case(5.8)decreasesmonotonical ly  
with increasing t, so that the extremal values occur at the inside and 
outside surfaces of the solenoid. At the inner surface for t = x we 
have 

%, = 2 (i -- o)-i (i -- xD-' [(i -- o) + 

+ (i + o)*~1-' I(i -- o) (5--2o) -- 

- -  (i - -  o) (2 + 4 0 ) z  - -  (8--2o - -  f60~)z ~ + 

+ (i + o) (2--4(0x s + (f + o) (3--6o)~d] �9 (8.4) 

For x = 0 this value is max ima l  and equal to (10 - 4o)/(1 - o) or 
13 (o = 1/3). Expression (8.4) decreases with increasing x, passing 
through zero for some x = x 0. For o = 1/3 we have x 0 ~. 0.59. 

At the outside surface of the solenoid for t = 1 we have 

%~ = " 43  ( i  ~ ~ ) -1  ( !  - -  x2) -1 [ ( i  - -  ~) [ (1 4 ~ ) ~ l - '  X 

X [(l - -  ~) ~- (2--2(~)x + (6--50)x 2 -'7 2ox s - -  8xq �9 (8.5) 

For x = 0 this value is equal to - 4 o / ( 1  - o) or - 2 ( 0 =  1/3), be-  
coming still more negative with increasing x. In the limiting case 
A << 1 for x = 1 - A we have or = ,6o /A.  

In case (5.9) the component  or has a positive max imum localized 
near the inside surface of the solenoid. For x = 0 its value is (5 - 
- 2o)/(1 - o) or 6.5 {o = 1/3) .  wi th  increasing x the max imum di- 
minishes and vanishes for some x = x 0. For o = 1/3 we have x 0 ~ 0.28. 
At the inside surface of the solenoid for t = x we have 

%~ = 4(~ (t -- o)-1(1 -- x2) -1 (2--2x -- 3z~). (8.6) 

For x = 0 this value is 8o/(1 - o) or 4 (o = 1/3). With increasing 
x expression (8.6) diminishes, passing through zero for x = x 0 = 

= (7 - 1) ~/2/3  ~ 0.55. 
At the outside surface of the solenoid for t = I we have 

%~ = -- 40 (l -- 0) -I (1 -- x2) -I (I + 2x) . (8.7) 

For x = 0 this value is equal to -4o/(1 - o) or -2 (o = 1/3). With 

increasing x expression (8.7) diminishes, and in the limiting case 

A << I for x = 1 -A we have o~ = -6o/(i - o)A or -3/A (o = 1/3). 

The component Orr in case (5.8) vanishes for t = x and has two 

extrema in the range x < t < I. The first of these extrema is a pos- 

Rive maximum. For x = 0 it is localized near the inside surface and 

is equal to (5 - 2o)/(I - o) or 6.5 (o = 1/3); with increasing x the 

maximum shifts toward large t and diminishes, vanishing for some 

x = x 0. For o = 1/3 we have x 0 ~ 0.26. The second extremum is a 

negative minimum. It is localized near the inside surface of the 

solenoid and its values are practically equal to the values oforr exactly 
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on the surface for t = i, 

err = - -  [(t - -  o) @ (t ~- o)x~] -1 [2-~4x q- (t8-}-12o)x~1" (8.8) 

As x changes f rom 0 to 1 this va lue  changes f rom - 3  to - 1 4  (o = 
= i / 3 ) .  

In case (~.9) the co mpone n t  orr behaves  t ike o~o~o in case (5.8). 
At the inside surface of the solenoid for t = x we have  

Crrr = 2 (t - -  a) - i  (t - -  x~) -1 [5--6(~ - -  2x - -  3x 2] . (8.9) 

For x = 0 tl]is va lue  is m a x i m a l  and equal  to (I0 - 12o)/(1 - o) 

or 9 (o = 1/3) .  With increasing x expression (8.9) diminishes,  passing 

through zero for x = x0= ((16 -- 18o) 1/2 - 1) /3  or x0 ~ 0.72 (o = 1/3) ,  

At the outside surface of the solenoid for r = 1 we have  

err = - -2  (l - -  o)- l ( l  - -  x~-) -1 [ f +  2 x - -  ( 3 - -  60) x 2] ' (8.10) 

For x = 0 this va lue  is equal  to - 2 / ( 1  - o) or - 3  (o = 1/3).  In the 

l imit ing case zX << 1 for x = 1 - & we h a v e  Orr = ' 6 o / ( 1  - o)A or 

- 3 /a ,  (o = 1/3). 
The component  Ozz does not depend on the choice  of boundary 

conditions (see (5.5)).  It assumes its ex txemal  values at the inside 

surface of the solenoid for ~ = x, 

ozz = 2 (i - -  ~) - t ( t  - -  x~')-l[--t  -I~ 6c~ - -  2x - -  3x 2] " (8.11) 

and at  the outside surface for t = 1, 

(~zz = - -2  (t - -  g) - i ( l  - -  x2) - i  [t @ 2x - -  (3 - -  6(~) x2l �9 (8.12) 

Value (8.11) is m a x i m a l  for x = 0 and equal  to ( - 2 +  12o ) / (1+  o) 

or 3 (o = 1/3).  With increasing x it  diminishes,  passing t11xough zero 

for x = x 0 = ( ( - 2  + 18o) 1/2 - 1)/3 or x0 = 1/3 (o = 1/3) .  The  va lue  of 

F~. (8.12) for x = 0 is equa l  to - 2 / ( 1  - o) or - 3  (o = 1/3) .  With in -  

creasing x it  diminishes,  and is equa l  to - 6 / A  in the l imi t ing  case for 

x =  1 - A ( A < < I ) ,  

Thus, for a solenoid with a fixed outside surface the m a x i m u m  

tensile stresses are  loca l ized  near the inside surface.  They decrease  

with increasing x and vanish for some x = x0. The  m a x i m u m  compres-  

sive stresses are  loca l ized  near the outside surface,  and increase in 

absolute va lue  with increasing x. The  cases of a f ree  Eq. (5.8) and 

f ixed Eq. (5.9) inside surface are  compe t i t i ve ,  and the advan t age  of 

one  over the  other is de t e rmined  by the cho ice  of o p t ima l  values  of x. 

This choice  in turn depends on the d i f fe rence  in the effects of compres-  

sive and tensi le  stresses. 

We must  also note that  the components  orr and Ozz are positive, 

i. e . ,  tensile,  near the inside surface over a cer ta in  range  of values  

of x f rom 0 to some x 0. Th e  windings of a wire solenoid will  separate  

here  (if they are not glued together) .  The  solenoid can  then no longer 

be considered a continuous m e d i u m ,  and the  above solutions are  not 

s tr ict ly app l icab le .  The  formulat ion of the problem must be al tered.  
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